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The cosmological relaxion can address the hierarchy problem, while its coherent oscillations can
constitute dark matter in the present universe. We consider the possibility that the relaxion forms
gravitationally bound objects that we denote as relaxion stars. The density of these stars would
be higher than that of the local dark matter density, resulting in enhanced signals in table-top
detectors, among others. Furthermore, we raise the possibility that these objects may be trapped
by an external gravitational potential, such as that of the Earth or the Sun. This leads to formation
of relaxion halos of even greater density. We discuss several interesting implications of relaxion
halos, as well as detection strategies to probe them.
I. INTRODUCTION
Resolving the nature of the dark matter (DM) is one of the most fundamental questions in modern physics [1].
Although particle DM at the electroweak scale is a highly motivated solution [2], no discovery of such DM was made to
date, either directly [3–5], indirectly [6] or at the LHC [7]. Another intriguing possibility is that of a cold, ultra-light,
DM field, coherently oscillating to account for the observed DM density. We consider a class of models where a light
scalar particle composes the DM. A well-motivated example is the relaxion, where even a minimal model that addresses
the hierarchy problem [8] may lead to the right relic abundance in a manner similar to axion models, however geared
with a dynamical misalignment mechanism [9] for relaxion masses roughly above 10−11 eV. Due to spontaneous CP
violation, the relaxion mixes with the Higgs, and, as a result, acquires both pseudoscalar and scalar couplings to
the Standard Model (SM) fields [10, 11] (this effect could be suppressed in particle-production-based models [12]).
The latter distinguishes the relaxion from axion dark matter, which has only pseudoscalar couplings, and where the
same property of generation of CP violation was shown to lead to a solution of the strong CP problem [13] as well as
potentially generating the cosmological baryon asymmetry [14].
A striking consequence of the relaxion-Higgs mixing is that, as the relaxion forms a classical oscillating DM back-
ground, all basic constants of nature effectively vary with time since they all depend on the Higgs vacuum expectation
value [9]. (For earlier discussion in the context of dilaton DM see [15–17].) There are active experimental efforts
searching for this form of scalar DM (e.g. [18–24]). Despite the unprecedented accuracy achieved by the various
searches, none of the current experiments reach the sensitivity required to probe physically motivated models. Fur-
thermore, the resulting sensitivity in the region of our main interest, characterised by oscillation frequencies above
the Hz level, is weaker than that of the probes related to fifth-force searches and equivalence-principle tests (see
e.g. [10, 15–17, 20, 21, 24–27]).
In this paper, we demonstrate that if the scalar DM forms a self-gravitating compact object, usually known as a
boson star, its density would be higher than that of the local DM density, resulting in enhanced signals for table-top
detectors, among others. Furthermore, we raise the possibility that these objects may be trapped by the gravitational
potential of the Earth or the Sun. This leads to formation of a relaxion halo with a much larger density, compared to
that of local DM. We discuss several interesting implications and also detection strategies that are presented below.
We work in natural units, where ~ = c = 1.
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2II. COHERENT DARK MATTER BACKGROUND
For concreteness, among all possible relaxion couplings to SM particles, we focus on the following interactions:
L ⊃ geφ e¯ e+ gγ
4
φFµνF
µν , (II.1)
where φ is the scalar DM field, e is the electron field, and Fµν is the electromagnetic field strength. The oscillation
of the scalar field induces an oscillation in the electron mass, me, and the fine structure constant, α, with frequency
ω ≈ mφ. For this reason, atomic precision measurements looking for variation of fundamental constants can probe
models of scalar-field dark matter. For the following discussion, we take a phenomenological approach and consider
ge and gγ as independent parameters (see [28, 29] for possible microscopic origins of these couplings).
A concrete instantiation of this scenario is the relaxion, which has a potential of the form [8–10]
V (H,φ) =
(
Λ2 − gΛφ) |H|2 − c gΛ3 φ− Λ4br
v2
|H|2 cos φ
f
, (II.2)
where Λ is the cutoff scale for the Higgs mass, g ∼ Λ4br/f Λ3 is a dimensionless coupling parameter, c is an O(1)
coefficient, Λbr is the backreaction scale, and v is the electroweak scale. In this proposal, the rolling of the field φ due
to the linear term dynamically scans the Higgs mass parameter, until eventually the backreaction potential stops the
rolling when 〈H〉 = O(v), solving the electroweak hierarchy problem [8]. It was shown recently that with minimal
additional assumption about the inflation sector, such a relaxion naturally makes a viable DM candidate [9]. The DM
energy density is generated by the misalignment mechanism after the rolling stops, from coherent oscillations of the
field around its minimum generated during reheating. The model dependence can be simplified by parameterizing the
theory in terms of Tra, the temperature at which the backreaction potential reappears after reheating.
For the relaxion model (or other Higgs portal-like theories), scalar couplings to matter are generated by mixing
with the Higgs [10, 11], and so can be parameterized by a mixing angle sin θ; for the couplings of Eq. (II.3), one has
ge = ye sin θ and gγ ∼ (α/4piv) sin θ, where ye is the Higgs Yukawa coupling to the electron. By generic naturalness
arguments, one may additionally require ge . 4pimφ/Λ. We will use this model as a benchmark for comparison,
though our conclusions will hold more generally for many forms of light scalar dark matter.
To investigate whether the variation of fundamental constants induced by the φ-oscillation is measurable, we must
compute variations of fundamental constants in terms of the model parameters,
δme
〈me〉 =
geφ
〈me〉 ,
δα
α
= gγφ , (II.3)
where 〈me〉 corresponds to the time-averaged electron mass (see discussion in [21, 30]). Given the experimental
sensitivity to δme/〈me〉 and δα/α, and also the amplitude of the φ-oscillation in a given model, we can estimate the
sensitivity to ge and gγ .
For a light scalar field with mφ & 10−10 eV, there has been in a blind spot for experimental measurements of time
variations of fundamental constants (see [17] for a recent review). In [21], using dynamical decoupling with trapped
ions resulted in a bound on scalar particle masses in the range mφ ∼ 10−11− 10−10 eV (roughly 1− 10 kHz oscillation
frequency) with accuracy of 1 : 1013−14 for both δme/〈me〉 and δα/α . The bound was obtained via atom-cavity
comparison [31], where for δme/〈me〉, this method can only be effectively used for frequencies & 10 kHz [20]. These
bounds can be improved by roughly two orders of magnitude and can cover the range up to 10 MHz. A broader range
of masses corresponding to frequencies up to 100 MHz can be covered using conventional Doppler-free techniques such
as polarization spectroscopy, using optical transitions in atoms and molecules contained in vapor cells. Assuming one
year total of interrogation time can effectively bring the sensitivity to roughly 1 : 1018 [32].
At smaller masses mφ . 10−13 eV, the best bounds on δme/〈me〉 arise from atomic-clock comparisons between
hyperfine and optical transitions, which have a relative projected accuracy of roughly 1 : 1016 where the hyperfine
clock uncertainty is saturated (see, for example, [33]). As for δα/α, different atomic-clock comparisons [34] as well as
3measurements of special “forbidden” transitions in highly charged ions to optical transitions can reach accuracies of
roughly 1 : 1018−19 [35, 36].
If this scalar coherent oscillation corresponds to dark matter in our local neighbourhood, the amplitude is fixed. It
is given, within a coherent patch, as (see e.g. [15, 25])
φ(t) =
√
2ρlocal
mφ
sin(mφt) = 3× 10−3 eV ×
(
1 eV
mφ
)
sin(mφt) , (II.4)
where we take ρlocal = 0.4 GeV/cm
3 as the local dark matter density. Various theoretical and experimental efforts have
been put forward to probe effective variation of fundamental constants induced by a coherently oscillating background
DM field. As it can be seen from Eq. (II.4), the effect is strongest when the mass is the lightest, mφ ' 10−21 eV,
which is marginally allowed by the observation of large-scale structures of the universe [37, 38] or measured rotational
velocities in galaxies [39]. Substituting this expression to Eq. (II.3), one can compute the variation of fundamental
constants, but the resulting effect is small; in the range mφ & 10−15 eV, the sensitivity estimates discussed above
suggest it is difficult to compete with the bounds that arise from fifth-force experiments [18, 19, 24]. At smaller masses
10−21 eV ≤ mφ ≤ 10−15 eV, atomic-clock comparison tests (see e.g. [17] and Refs. therein) can compete with or be
stronger than fifth-force constraints, though this range does not overlap with the region of relaxion DM models [9].
III. RELAXION STARS
In this section, we consider the case where the scalar DM forms a bound state with much larger density compared to
background dark matter, due to its own self-gravity and self-interactions. These are typically known as boson stars or
axion stars (or in the more specific case, relaxion stars). Here, we investigate whether atomic precision measurements
can probe the existence of such compact objects when they pass through the Earth. A boson star is described by a
classical scalar field, oscillating coherently with frequency approximately equal to the scalar particle mass. Similar
to the discussion above, a crucial quantity for precision measurement is the amplitude of oscillation, φ =
√
2ρ?/mφ,
which is determined by the density ρ? of the compact object. Note that we have dropped the explicit time dependence
of φ for notational simplicity, and will from now on take φ as the amplitude and mφ as the frequency of oscillation.
Formation of boson stars is a rapidly evolving field. In the context of QCD axions, overdensities known as mini-
clusters can be produced on small physical scales (compared to the scale of galaxies) if the Peccei-Quinn symmetry is
broken after inflation [40]. These miniclusters have been recently shown to form self-gravitating boson stars on short
timescales (compared to galaxy lifetimes), through a process described by gravitational relaxation of effective quasi-
particles [41, 42]; this has been investigated assuming both idealized initial conditions [43], as well as more realistic
ones [44] determined by large-scale simulations of QCD axions [45]. For ultralight axions, large-scale simulations also
show boson star-like objects forming in the central cores of galaxies [46, 47], suggesting that this is a generic property
of light scalar field dark matter. The spectrum of initial density fluctuations has not similarly been investigated for
relaxions, a topic we delay for future work; for the present purposes, we merely point out that a similar formation
mechanism might hold for boson stars formed from relaxions as well.
A compact object is independent of background dark matter and its density does not necessarily coincide with that
of the background. In the presence of gravity, a free scalar field can support itself against collapse through repulsive
gradient energy (that is, effective pressure sourced by the kinetic energy of the field); this leads to a unique relation
between its radius R? and mass M?,
R? =
M2Pl
m2φ
2
M?
, (III.1)
where MPl = 1.2 × 1019 GeV is the Planck mass. Some generic properties of boson stars are reviewed in the Sup-
plementary Material S1. The overdensity inside a boson star compared to the background density of DM would
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<latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM 71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM 71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM 71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAE N34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI 91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+g LWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFn ABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAE N34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI 91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+g LWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFn ABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit> 10  
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<latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tg P+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tg P+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tg P+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNX tEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQt I4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwX van4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</late xit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNX tEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQt I4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwX van4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</late xit>
 
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<latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJU cG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hf j2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJU cG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hf j2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJU cG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hf j2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsY qRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C 18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJ fGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo 5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj 9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5I ldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsY qRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C 18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJ fGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo 5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj 9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5I ldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit>
  =
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<latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeu DC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYt onklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeu DC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYt onklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeu DC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYt onklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12q z47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3Al bvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc 2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCI SmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/td rpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42Wl fpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12q z47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3Al bvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc 2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCI SmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/td rpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42Wl fpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit>
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3
<latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1g MDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+ 0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1g MDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+ 0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1g MDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+ 0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJ BvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48 Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxa HiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkA oaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2 slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3Xr vK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJ BvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48 Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxa HiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkA oaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2 slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3Xr vK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit>
  =
10
6
<latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcG Dufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumw mPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcG Dufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumw mPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcG Dufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumw mPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0 sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4 Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1 xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5k bJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcT VkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHa IjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0 sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4 Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1 xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5k bJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcT VkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHa IjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit>
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ta
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e
<latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4K gnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4K gnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4K gnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W +vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji 4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir 5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvF nP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W +vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji 4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir 5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvF nP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit>
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eV
<latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440=">AAACLXicbVDLSsNAFJ3UV62vqEs3g6XgQkoi4mMhFAV1WcG0hSaWyXTSDp08mJkUS8gX+DO61f8QBHHr3i9wmmZhWw8MHM65987huBGjQhrGh1ZYWFxaXimultbWNza39O2dhghjjomFQxbylosEYTQglqSSkVbECfJdRpru4GrsN4eECxoG93IUEcdHvYB6FC OppI5esbMbyXWM+4KiFHrwAprGwwm0D2Ficx/ekEba0ctG1cgA54mZkzLIUe/oP3Y3xLFPAokZEqJtGpF0EsQlxYykpYodCxIhPEA90lY0QD4RTpJlSWFFKV3ohVy9QMJMLf3ZSJAvxMh31aSPZF/MemPxP68dS+/MSWgQxZIEePKRFzMoQzguB3YpJ1iykSIIc6rCQtxHHGGpKpy61B3SSOSpHyexVUnmbCXzxDqqnlfNu+Ny7TJvqwj2wD44ACY4BTVwC+rAAhg8gRfwCt60Z+1d+9S+JqMFLd/ZBVPQvn8BIJ2oFw==</latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440=">AAACLXicbVDLSsNAFJ3UV62vqEs3g6XgQkoi4mMhFAV1WcG0hSaWyXTSDp08mJkUS8gX+DO61f8QBHHr3i9wmmZhWw8MHM65987huBGjQhrGh1ZYWFxaXimultbWNza39O2dhghjjomFQxbylosEYTQglqSSkVbECfJdRpru4GrsN4eECxoG93IUEcdHvYB6FC OppI5esbMbyXWM+4KiFHrwAprGwwm0D2Ficx/ekEba0ctG1cgA54mZkzLIUe/oP3Y3xLFPAokZEqJtGpF0EsQlxYykpYodCxIhPEA90lY0QD4RTpJlSWFFKV3ohVy9QMJMLf3ZSJAvxMh31aSPZF/MemPxP68dS+/MSWgQxZIEePKRFzMoQzguB3YpJ1iykSIIc6rCQtxHHGGpKpy61B3SSOSpHyexVUnmbCXzxDqqnlfNu+Ny7TJvqwj2wD44ACY4BTVwC+rAAhg8gRfwCt60Z+1d+9S+JqMFLd/ZBVPQvn8BIJ2oFw==</latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440=">AAACLXicbVDLSsNAFJ3UV62vqEs3g6XgQkoi4mMhFAV1WcG0hSaWyXTSDp08mJkUS8gX+DO61f8QBHHr3i9wmmZhWw8MHM65987huBGjQhrGh1ZYWFxaXimultbWNza39O2dhghjjomFQxbylosEYTQglqSSkVbECfJdRpru4GrsN4eECxoG93IUEcdHvYB6FC OppI5esbMbyXWM+4KiFHrwAprGwwm0D2Ficx/ekEba0ctG1cgA54mZkzLIUe/oP3Y3xLFPAokZEqJtGpF0EsQlxYykpYodCxIhPEA90lY0QD4RTpJlSWFFKV3ohVy9QMJMLf3ZSJAvxMh31aSPZF/MemPxP68dS+/MSWgQxZIEePKRFzMoQzguB3YpJ1iykSIIc6rCQtxHHGGpKpy61B3SSOSpHyexVUnmbCXzxDqqnlfNu+Ny7TJvqwj2wD44ACY4BTVwC+rAAhg8gRfwCt60Z+1d+9S+JqMFLd/ZBVPQvn8BIJ2oFw==</latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440=">AAACLXicbVDLSsNAFJ3UV62 vqEs3g6XgQkoi4mMhFAV1WcG0hSaWyXTSDp08mJkUS8gX+DO61f8QBHHr3i9wmmZhWw8MHM65987huBGjQhrGh1ZYWFxaXimultbWNza39O2dhghjjomFQxbylosEYTQglqSSkVbECfJdRpru4GrsN 4eECxoG93IUEcdHvYB6FCOppI5esbMbyXWM+4KiFHrwAprGwwm0D2Ficx/ekEba0ctG1cgA54mZkzLIUe/oP3Y3xLFPAokZEqJtGpF0EsQlxYykpYodCxIhPEA90lY0QD4RTpJlSWFFKV3ohVy9QM JMLf3ZSJAvxMh31aSPZF/MemPxP68dS+/MSWgQxZIEePKRFzMoQzguB3YpJ1iykSIIc6rCQtxHHGGpKpy61B3SSOSpHyexVUnmbCXzxDqqnlfNu+Ny7TJvqwj2wD44ACY4BTVwC+rAAhg8gRfwCt6 0Z+1d+9S+JqMFLd/ZBVPQvn8BIJ2oFw==</latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440=">AAACLXicbVDLSsNAFJ3UV62 vqEs3g6XgQkoi4mMhFAV1WcG0hSaWyXTSDp08mJkUS8gX+DO61f8QBHHr3i9wmmZhWw8MHM65987huBGjQhrGh1ZYWFxaXimultbWNza39O2dhghjjomFQxbylosEYTQglqSSkVbECfJdRpru4GrsN 4eECxoG93IUEcdHvYB6FCOppI5esbMbyXWM+4KiFHrwAprGwwm0D2Ficx/ekEba0ctG1cgA54mZkzLIUe/oP3Y3xLFPAokZEqJtGpF0EsQlxYykpYodCxIhPEA90lY0QD4RTpJlSWFFKV3ohVy9QM JMLf3ZSJAvxMh31aSPZF/MemPxP68dS+/MSWgQxZIEePKRFzMoQzguB3YpJ1iykSIIc6rCQtxHHGGpKpy61B3SSOSpHyexVUnmbCXzxDqqnlfNu+Ny7TJvqwj2wD44ACY4BTVwC+rAAhg8gRfwCt6 0Z+1d+9S+JqMFLd/ZBVPQvn8BIJ2oFw==</latexit>
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eV
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FIG. 1: The relevant parameter space for transient DM boson stars encountering the Earth. In both panels, the
dashed blue lines are contours of constant overdensity δ, and the purple shaded regions indicate instability through
self-interactions. Left: parameter space in scalar mass mφ and decay constant f allowing for gravitationally stable
objects, assuming the encounter rate is Γ = 1/year. The black lines denote coherent relaxion DM for different
choices of reappearance temperature Tra, as discussed in Section II; solid lines are allowed parameters, and dashed
are ruled out by fifth-force constraints (see [9] for further information). Right: M? and R? are treated as
independent parameters; the black dotted lines denote stable configurations formed from scalars of mass mφ, and
the red shaded region represents Γ > 1/year and δ > 1. The black star represents the benchmark point used by the
GNOME collaboration [48].
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where we used the approximate profile of Eq. (S1.5) at r  R? (see Supplementary Material), and Eq. (III.1). In
this estimation, the benchmark choice for mφ is consistent with the concrete relaxion DM model of [9]; in this case,
we would expect to gain a
√
δ ≈ 1011 enhancement in the amplitude of φ if such an object passes through the Earth.
This leads to a relatively large effective variation of fundamental constants, compared to the case where such variation
is induced by the standard background dark matter density.
However, the encounter rate between such stars and the Earth is low. To estimate how many such encounters would
take place per year, we assume that an O(1) fraction of local dark matter is in the form of stable bound states with
a fixed mass M?; the actual distribution of boson star masses depends critically on the formation history, which is
beyond the scope of this paper. We also assume a geometric cross-section σ? = pi R
2
? , and that the motion of the
boson stars obeys the virial relation in terms of their typical distribution, implying a speed of v? = 10
−3. Under these
assumptions, the encounter rate between the Earth and such objects is
Γ = n?σ?v? =
ρlocal
M?
pi R2? v? ≈ 2× 10−18 yr−1
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)3
. (III.3)
From this estimate, we see that these encounters are so rare that an encounter typically does not occur during the
5entire history of the universe. More generally, the encounter rate increases with smaller δ as
Γ ≈ 0.05 yr−1 × δ−3/4
√
mφ
10−10 eV
. (III.4)
In the left panel of Fig. 1, we identify the parameter space of relaxion mass mφ and decay constant f in which
a collision rate Γ = 1/year is possible. Although we ignore the self-interactions of relaxions, we include the decay
constant f in the plot to present a benchmark relaxion DM model (black solid lines allowed parameters, dashed
ruled out by fifth-force meaurements) [9] and the region where the relaxion star is unstable due to the self-interaction
(purple shaded region, see Eq. (S1.11) in Supplementary Material for details regarding the self-interaction potential).
The overdensity δ is also denoted by blue dashed lines, assuming the rate of one collision per year. If mφ . 10−8
eV, an overdensity δ > 1 along with Γ = 1/year is not possible for a self-gravitating object; only if mφ > 10
−8 eV is
this scenario viable. This mass range corresponds to frequencies greater than order MHz, which can be probed using
experimental techniques discussed in Section II.1
In the right panel of Fig. 1, we show the mass-radius relation of boson stars (dotted lines). Similar to the figure
on the left panel, the purple shaded region denotes boson stars that are unstable to collapse due to self-interactions,
while the blue dashed lines denote the density contrast δ = ρ?/ρlocal. The red shaded region represents δ > 1 and
Γ > 1/year, which is attainable only for mφ & 10−8 eV. In other words, for scalar mass mφ . 10−8 eV, it is either the
case that the density of boson star is large but its encounter rate is too small for terresterial experiments, or that the
rate is large enough but its density becomes even smaller than that of the background DM. Note that possible transient
signals induced by axion stars have already been investigated in [48], where it is concluded that the Global Network of
Optical Magnetometers for Exotic physics searches (GNOME) can probe ALP parameter space for mALP < 10
−13 eV,
and that the projected sensitivity surpasses astrophysical constraints, which may seem to contradict Fig. 1. In [48],
the approach taken is more phenomenological, assuming M? and R? to be fully independent, which allows some region
of parameter space to be probed by simultaneously satisfying Γ = O(1)/year and δ  1. This also indicates that the
axion stars considered in [48] are not truly ground-state configurations. We show the benchmark point used in [48]
(R? = 10R⊕ and M? = 4× 107 kg) as the black star in the figure.
IV. RELAXION HALO
The formation of boson stars is a complex dynamical process. Typical investigations involve simulations of scalar-
field dynamics, and commonly neglect any effect from baryons [40, 43, 45]. In this section we suggest that, in
the presence of baryons, gravitational relaxation may lead to configurations in which a large density of scalar field
becomes bound to an external gravitational source. The resulting compact object in this case could be sustained by
the gravitational field of an external massive body instead of its own self-gravity. We will refer to an object of this
kind as a relaxion halo. There are significant uncertainties associated with this scenario, which we will return to in
future work. Here, we assume such a halo can exist and investigate the consequences in terrestrial experiments.
We focus on the relaxion halo hosted by the Sun and by the Earth. In this case, Mext is either the mass of the Sun
1 For the case of axionlike particle (ALP), it has been proposed that pseudo-scalar coupling to nucleons can be probed by using nuclear
magnetic resonance techniques even when mφ & 10−8 eV and δ = 1 [49]. Although we do not discuss it in this paper, this experimental
technique can equally apply to the scenario of transient relaxion stars since the relaxion could also have pseudo-scalar coupling to the
SM fields.
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FIG. 2: The upper bound (M?)max on the relaxion halo mass M? as a function of scalar particle mass mφ; the
regions above the black lines are excluded by either (right side, assuming an Earth halo) lunar laser ranging [50], or
(left side, assuming a Solar halo) planetary ephemerides [51]. We also require M? ≤Mext/2 (boundary of gray
shaded region), as explained in the Supplementary Material S2.
or the Earth, and Rext is the corresponding radius. Assuming M? Mext, the radius of a relaxion halo is
R? ≡

M2Pl
m2φ
1
Mext
for R? > Rext ,(
M2Pl
m2φ
R3ext
Mext
)1/4
for R? ≤ Rext .
(IV.1)
The radius of a relaxion halo is determined by the gravitational potential of the external source. In the first case,
R? > Rext, we approximate the external source as a point-like mass, which results in an exponential relaxion-halo
profile, Eq. (S1.8). In the second case, R? < Rext, we approximate the external source as a constant-density sphere,
where the gravitational potential is given as that of a harmonic oscillator and the profile is Gaussian, Eq. (S1.9);
though this approximation is rough in principle, in practice it works well when R?  Rext, and to go beyond it
is outside the scope of this work. See Supplementary Material S1 for details regarding these two profiles. Note
that in both of these cases, the radius is independent of M?. We only consider M? < Mext/2 for R? > Rext, and
M? < (Mext/2)(R?/Rext)
3 for R? < Rext, ensuring that the self-gravity is subdominant.
In the presence of an external gravitational source of mass Mext, the ground state profile for a relaxion halo is
modified compared to the relaxion star. To obtain the density and the amplitude of oscillation, we use exponential
and Gaussian profiles for R? > Rext and R? ≤ Rext respectively (Eqs. (S1.8) and (S1.9) in the Supplementary
Material). The asymptotic behavior of the halo density is
ρ? ∝
exp (−2r/R?) for R? > Rext ,exp (−r2/R2?) for R? ≤ Rext . (IV.2)
The relevant quantity for experimental searches is the density of relaxion field at the surface of the Earth. We
see from Eq. (II.3) that the variation of fundamental constants is given by δme/〈me〉 = ge
√
2ρ?/(〈me〉mφ) and
δα/α = gγ
√
2ρ?/mφ. We discuss various probes to detect these effects in the next section.
One can determine an upper bound on the mass M? of a relaxion halo through gravitational observations. In
the case of an Earth-based halo, the strongest constraint arises from lunar laser ranging [50], and for a Solar-based
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FIG. 3: Projected constraints on ge (left) and gγ (right) for a relaxion Solar halo. Experimental sensitivities in
δme/〈me〉 and δα/α are taken to be 10−16, 10−18 (solid and dashed lines, respectively). The gray shaded region is
excluded by fifth-force experiments. The red line is the naturalness limit, where the cutoff is taken to be Λ = 3 TeV,
while the green line is an upper limit on coupling constants which can be obtained from physical relaxion models.
The halo mass is taken as M? = min[(M/2)(R?/R)3, (M?)max], as explained in the Supplementary Material S2.
halo, from planetary ephemerides [51]; both are described in the Supplementary Material S2.2 We show the derived
constraint on the mass of a relaxion halo as a function of the scalar particle mass mφ in Fig. 2. Using the result of
(M?)max, we obtain the scalar field value φ, which is directly related to the observables, δme/〈me〉 and δα/α, which
we discuss in the next section.
Finally, we comment on the coherence properties of the relaxion halo oscillations. Because a relaxion halo is
supported against collapse by gradient energy, the coherence length of the halo is nothing other than its radius; that
is,
Rcoh =
1
mφ v
=
1
mφ
√
R?MPl2
Mext
= R? , (IV.3)
where v is the velocity dispersion in the halo. The coherence time can be estimated similarly; for a relaxion Earth
halo, we find
τcoh =
1
mφ v2
= mφR
2
? ≈
103 sec
(
10−9 eV/mφ
)3
for R? > R⊕ ,
103 sec for R? ≤ R⊕ ,
(IV.4)
where we used the radii of Eq. (IV.1) with Mext = M⊕. For a Solar halo, the coherence time is at least two orders of
magnitude larger, as it is enhanced by a large R? & 1 AU in that case.
V. HUNTING FOR RELAXION HALOS WITH TABLE-TOP EXPERIMENTS
As explained above, the possibility of relaxion halos surrounding the Earth or the Sun may lead to an enhanced
signal in various table-top experiments. Using the maximally allowed relaxion halo mass as an input, and also using
the approximate form of scalar field profile described in Supplementary Material S1, we can compute the oscillation
2 We consider other possible constraints on an Earth halo in Supplementary Material S3, but conclude that [50] represents the strongest
constraint.
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FIG. 4: Projected constraints on ge (left) and gγ (right) for a relaxion Earth halo. Experimental sensitivities in
δme/〈me〉 and δα/α are taken to be 10−14, 10−16, 10−18 (solid, dashed, and dotted lines, respectively). The gray
shaded regions, as well as the red and green lines, are the same as in Fig. 3. The halo mass is taken as
M? = min[(M⊕/2)(R?/R⊕)3, (M?)max], as explained in the Supplementary Material S2. The shaded regions
represent the allowed regions for coherent relaxion DM [9], as explained in the text.
amplitude and compare it to the corresponding experimental sensitivities. In order to study the present/near-future
sensitivity, we consider the following four cases:
(i) Solar-based relaxion halo which is relevant for mφ ∼ 10−15 eV - bounds on δme/〈me〉 and on δα/α are separately
considered;
(ii) Earth-based relaxion halo which is relevant for mφ ∼ 10−10 eV - bounds on δme/〈me〉 and on δα/α are separately
considered.
For case (i), we show in Fig. 3 sensitivity curves for (δme/〈me〉, δα/α) = 10−16 (solid lines) and 10−18 (dashed
lines). In addition, the bounds from fifth-force and equivalence-principle tests correspond to the shaded region [52–55],
the red line corresponds to the naturalness limit with a cutoff at Λ = 3 TeV (the minimal allowed cutoff consistent with
solving the hierarchy problem), and the green line corresponds to the naive upper limit on coupling constants which
derived from scalar-Higgs portal models [56]. Note that the bounds from equivalence-principle tests are obtained by
neglecting the other possible couplings of scalar field to SM particles.
In Fig. 4, we show the analogous sensitivities in case (ii), with (δme/〈me〉, δα/α) = 10−14 (solid), 10−16 (dashed)
and 10−18 (dotted). In the case of a Solar halo, future projections for ge reach the parameter space where the
scalar mass is technically natural, while in the case of an Earth halo, future projections reach not only to the
naturalness limit for ge and gγ , but also to the region of physically motivated generic relaxion models [10, 26]. The
shaded regions represent the allowed parameter space for coherent relaxion dark matter [9], taking ge = ye sin θ and
gγ = (α/4piv) sin θ; in the left panel, the brown region is for ye = y
SM
e (the Standard Model prediction), whereas the
blue region is for ye = 600× ySMe , the maximum allowed value given current LHC constraints [57].
VI. OUTLOOK
In this work, we consider the effect of (pseudo)scalar field dark matter, e.g. relaxion dark matter, in atomic physics
experiments. We propose that such dark matter can form gravitationally bound objects denoted as boson stars (or
relaxion stars), and suggest that these stars can be formed around the Earth or the Sun leading to relaxion halos with
density well above that of the local DM. Due to the mixing with the Higgs, the oscillating DM background implies
9that all the fundamental couplings of nature are varying with time. This implies that one could search for signals
of such objects in table-top experiments, which may be probed in the near future with projected sensitivity stronger
than that of fifth-force and equivalence-principle tests. In this scenario, even present experimental sensitivity [21, 32]
may be sufficient to probe the parameter space of coherent relaxion DM [9].
We note that as our signal is related to rapid-oscillation signals, other existing probes of scalar DM, which are
DC-oriented and/or using less precise clocks [58–61] would be less sensitive to the above form of DM. However, in
the case of a relaxion halo or star which coherently oscillates over sufficiently large distances one may improve the
sensitivity to its presence by comparing the phase of the oscillation between two distant experiments (or network of
sensors) that are synched to the same external clock, or similarly if a single experiment is to repeat its measurements
multiple times while being synchronised to an external clock. Furthermore, there are several proposals for sending
high performance clock-systems to space [62, 63], which would allow to map the relaxion halo density as a function
of distance from the Earth’s surface.
Another interesting implication is the possible presence of mini-relaxion halos, whose radius is smaller than that of
the Earth so that such halos do not contribute to the signals described above. Such objects arise when the relaxion
particle mass is around nano-eV or above. Although they can have densities close to that of the Earth, it is in general
difficult to probe them because they are located beneath the surface of the Earth (see however [64], which proposes
to test clock universality in deep underground/underwater experiments).
We finally reiterate that our discussion and conclusion throughout the paper holds for any form of light scalar dark
matter, thus covering a large parameter space of well-motivated dark matter models.
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1Supplementary Material
Abhishek Banerjee, Dmitry Budker, Joshua Eby, Hyungjin Kim, and Gilad Perez
In this Supplementary Material, we give further details necessary to derive the constraints of the main text. In
particular, we describe in detail the density profiles used for relaxion stars and halos, and the approximations that
are appropriate in each case. We also analyze the constraints from gravitational measurements used to determine
the maximum relaxion halo mass, both for the Earth-based and Solar-based cases.
S1. STABLE CONFIGURATIONS OF SCALAR PARTICLES
In this section, we review some important properties of self-gravitating relaxion stars, and define the approximate
density profiles used in the main text to describe both relaxion stars and halos.
We neglect the effect of self-interactions in this discussion, but comment on this topic at the end of this section. In
the nonrelativistic limit, it is convenient to introduce a relaxion wavefunction ψ,
φ =
1√
2mφ
(ψ e−imφt + ψ∗eimφt). (S1.1)
The equation of motion describing the relaxion wavefunction is
i ∂t ψ =
[
− ∇
2
2mφ
+ Vg(|ψ|) + Vext(Rext,Mext)
]
ψ, (S1.2)
where
Vg = −Gm2φ
∫
d3r′
|ψ(r′)|2
|~r − ~r ′| (S1.3)
is the Newtonian gravitational potential of the relaxion star, and Vext is that of an external source of gravitation.
Note that the normalization of the wavefunction is determined by the requirement
∫
d3r|ψ(r)|2 = M?/mφ.
In the case of a self-gravitating relaxion star (Section III), we can set Vext = 0, and analyze stable configurations
by minimizing the energy functional
E =
∫
d3r
[ |∇ψ|2
2mφ
+
1
2
Vg |ψ|2
]
=
AM?
m2φR
2
?
− BM
2
?
M2PlR?
. (S1.4)
We use a linear×exponential ansatz for the wavefunction (providing a good fit [1]) of the form
ψ(r) =
√
M?
7pimφR3?
(
1 +
r
R?
)
exp (−r/R?) , (S1.5)
which determines the dimensionless coefficients
A =
3
14
≈ 0.2 , B = 5373
25088
≈ 0.2 . (S1.6)
In this case we recover the standard mass-radius relation of a stable boson star, Eq. (III.1), which is well known (see
e.g. [2]).
For the relaxion halo (Section IV), we neglect Vg but must consider two important limits: when R?  Rext, we can
approximate Vext by the potential of a point particle of mass Mext; and in the other limit R?  Rext, we approximate
the Earth or the Sun as a constant-density sphere. Thus we use the potential
Vext =

−GmφMext
r
for R? > Rext ,
−3GmφMext
2Rext
[
1− 1
3
(
r
Rext
)2]
for R? ≤ Rext ,
(S1.7)
2in these calculations. In the first case, the system is essentially a gravitational atom which is well-described by an
exponential profile
ψ(r) =
√
M?
pimφR3?
exp (−r/R?) for M? Mext and R? > Rext , (S1.8)
where R? is given by the top line of Eq. (IV.1). On the other hand, at larger values of mφ we can have R? < Rext, in
which case the potential in the inner region is that of a three-dimensional isotropic harmonic oscillator; the solution
is a Gaussian function
ψ(r) =
√
M?
pi3/2mφR3?
exp
(
−1
2
r2
R2?
)
for M? Mext and R? < Rext , (S1.9)
where R? is given by the bottom line of Eq. (IV.1). To minimize errors in the intermediate range R? = O(Rext), we
use the Gaussian function in the inner region (for r < Rext) and match at the boundary to an exponential profile for
r ≥ Rext. In this procedure, we somewhat underestimate the mass contained in the tail of the relaxion halo density
function when R? < Rext, leading to an error in the constraint on M? in Fig. 2 which is no larger than a factor of 2
at any mφ we consider. These profiles determine the density of the relaxion halo, which we used in Sections IV and
V.
We now comment on the effect of self-interactions. Suppose the self-interaction potential for the scalar field φ is [4]
V (φ) = Λ4br
[
1− cos
(
φ
f
)]
. (S1.10)
Here, Λbr is related to the scale where the potential of φ is generated, and the scalar mass is mφ = Λ
2
br/f for decay
constant f . The leading-order self-interaction in the expansion of Eq. (S1.10) is proportional to −(m2φ/f2)φ4. In the
standard case of a boson star (Mext → 0), this interaction triggers gravitational instability for M? greater than a
critical value [2, 3]
Mc,0 ≈ 10 MPlf
mφ
, (S1.11)
meaning that for M? > Mc,0 a relaxion star is unstable and will collapse. Furthermore, the mass-radius relation is
modified when M? is close to Mc,0 as well. In the case of an external gravitational potential, the critical mass becomes
smaller, implying instability whenever M? is larger than
Mc ≈
M2c,0
Mext
. (S1.12)
These effects are not relevant over most of the parameter space we consider here, as the requirement of stability
amounts to a rather modest constraint on the decay constant, f & O(107) GeV at the strongest. The purple shaded
regions of Fig. 1 represent this unstable region.
S2. CONSTRAINTS ON RELAXION HALOS FROM LOCAL GRAVITY MEASUREMENTS
In this section, we derive the constraint on the relaxion halo mass M? for both the Earth-based and Solar-based
cases, as a function of the relaxion particle mass mφ.
The maximum allowed relaxion halo mass M? depends importantly on the radius of the halo, given in Eq. (IV.1).
In Fig. S1, we illustrate the radius of a relaxion halo as a function of the relaxion mass mφ (solid blue). We also
present the radius of the Earth (black dashed line), and radii of the orbits of the Moon and the LAGEOS satellite
(red dashed lines), which are relevant for discussion of astrophysical constraint on M?. The transition from the
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FIG. S1: The radius R? of a relaxion halo which is supported by the Earth’s gravity, as a function of the scalar
particle mass mφ; the solid blue line is determined from Eq. (IV.1) assuming the Earth is a uniform-density sphere,
whereas the dashed blue is found when treating the Earth as a pointlike source. The red dashed lines denote the
radii of the Moon’s orbit RM ≈ 60R⊕ and the LAGEOS satellite RL ≈ 2R⊕; see text for details.
point-like approximation (of the external gravitational potential) to the constant-density approximation occurs at
mφ ≈ 1.2× 10−9 eV.
The total mass of a relaxion halo is constrained by various astrophysical observations, as it may change the motion
of astrophysical bodies around the solar system, or objects in orbit around the Earth. If the relaxion halo is hosted by
the Earth, the strongest constraints arises from lunar laser ranging and the LAGEOS satellite [5], which constrains
the total mass lying between the orbits of the Moon and the satellite to be Menc < M
max
enc = 4× 10−9M⊕. The mass
enclosed between these two orbits from a relaxion halo is
Menc = 4piM?
∫ RM
RL
dr r2
ρ?(r)
M?
, (S2.1)
where the orbital radius of the Moon is RM ' 60R⊕, while that of the LAGEOS satellite is RL ' 2R⊕. The quantity
in the integral does not depend on M?, but only on the shape of the wavefunction in the region of integration. This
leads to the upper bounds on the mass of relaxion halo hosted by the Earth as
(M?)max =
Mmaxenc
4pi
[∫ RM/R?
RL/R?
dxx2
R3? ρ?(x)
M?
]−1
, (S2.2)
where x = r/R?.
Similarly, the mass of a Sun-based halo is constrained by planetary ephemerides because, for mφ < 10
−14 eV, we
have R? & 1 AU, and thus this extended mass distribution can change the orbital motion of planets. In Ref. [6], the
dark matter density at the orbital radii of planets in our solar system (Mercury, Venus, Earth, Mars, Jupiter, and
Saturn) are constrained to ρ . 10−18 – 10−20 g/cm3. We use Eq. (S1.8) to compute the density of the relaxion Solar
halo at the orbital radius of each planet, translate the result of [6] as upper limits on M?, and take the strongest
constraint as the limiting value of M?.
In Fig. 2, we show the upper limit on M? as a function of mφ. The black solid line on the right side is the constraint
on the mass of a relaxion Earth halo, obtained from lunar laser ranging [5]. The constraint is most severe when
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FIG. S2: Density of relaxion halo ρ? (left) and corresponding scalar field value φ (right). The solid line represents
the density and the field value of relaxion halo at the surface of the Earth, while the dashed line is the value at the
center of the relaxion halo. For this plot, we take M? = min[(Mext/2)(R?/Rext)
3, (M?)max], where (M?)max is shown
in Fig. 2.
RL < R? < RM, which can be translated into 10
−10 eV . mφ . 10−9 eV. This is because, for a fixed M?, it is this
range of R? that most of the mass is contained in r ∈ [RL, RM]. As mφ increases, the relaxion star becomes increasingly
concentrated on R? < RL; as mφ decreases, the size of the relaxion halo is even larger than the orbital radius of Moon,
and thus only small fraction of its total mass is enclosed in R ∈ [RL, RM], so that M? is less constrained. On the
other hand, the black solid line on the left side is obtained from planetary ephemerides in the case of a Solar halo [6].
Similarly, the constraint is the most severe when R? is order of a few AU. As described at the start of Section IV, we
further limit the mass of any relaxion halo to M? < Mext/2, bounding the gray shaded region in Fig. 2.
This upper limit on M? can be directly translated into the density of a relaxion halo and the scalar field value
at the surface of the Earth, which are directly relevant for the observables. Using the result of (M?)max above, we
present the density (left panel) and the field amplitude (right panel) of the relaxion halo computed at the surface of
the Earth as the solid lines in Fig. S2. For the mass of the relaxion halo, we choose
M? = min[(M⊕/2)(R?/R⊕)3, (M?)max], (S2.3)
ensuring that the structure of relaxion halo is maintained by the external gravitational field and is consistent with
gravitational constraints. In the figure, the black dashed line indicates the density and field value of the Earth halo
at the center of the Earth. The local DM density, ρlocal = 0.4 GeV/cm
3 is given by the red dashed line. The scalar
field value φ obtained is directly related to the observables, δme/〈me〉 and δα/α.
S3. POSSIBLE CONSTRAINT ON RELAXION HALO MASS FROM GPS SATELLITES
Additional mass M? coming from a relaxion halo would change the gravitational field around the Earth. In the
absence of an independent measurement of the total mass of the Earth, the only constraint on the mass of relaxion
star is, perhaps, from measurements of a deviation from the gravitational inverse-square law. For instance, in [7],
the gravitational acceleration, “little g” is measured at different tower heights up to 300 m, and with accuracy of
∆g/g ∼ 10−8 to test the inverse-square law of Newtonian gravity. The contribution to little g due to a relaxion halo
is given as
g? =
GM?
r2
(
r
R?
)3
, (S3.1)
5assuming that the mass density of relaxion star is constant inside its radius. At the surface of the Earth, the relaxion
star changes the gravitational acceleration g by ∆g/g = (M?/M⊕)(R⊕/R?)3, but this shift, again, may not be
measurable since one can shift the total mass of Earth in such a way as to cancel the effect.
However, certainly an anomalous behaviour of g? as a function of radius r can be measured if it is large enough.
The anomalous change of little g due to a relaxion halo over ∆r ' 300 m is
∆g?/g ' M?
M⊕
(
R⊕
R?
)2
∆r
R?
' 10−8 ×
(
M?/M⊕
10−3
)(
R⊕
R?
)3
, (S3.2)
assuming the relaxion halo is larger than the Earth. Thus, the inverse-square law test constrains the relaxion star
mass as M? < 10
−3M⊕ when R? = R⊕ [7]. This is weaker than the constraint obtained from [5], which we have
discussed in Section S2.
A more plausible way to put a constraint on the mass of relaxion star is through gravitational redshifts of clock
transition frequencies. Far away from Schwarzschild radius, the gravitational redshift is
z ' GM
r
, (S3.3)
where M = M⊕ + M?(r/R?)3 for r < R? . Consider two clocks at radii r1 and r2. If r1 = r2, then the effect of
gravitational redshift is the same for both clocks so that we would not be able to see the effect of a relaxion star. So
the net effect arises only when ∆r = |r1 − r2| 6= 0, and it is proportional to
∆z = GM⊕
(
1
r1
− 1
r2
)
+
GM?
R3?
(r1 + r2)(r1 − r2) . (S3.4)
The first term is the usual gravitational redshift due to Earth mass, while the second term is due to the relaxion halo.
The anomalous shift in the transition frequency due to the halo is thus
(∆z)? =
GM?
R3?
(r1 + r2)(r1 − r2)
' 10−16
(
M?
10−5M⊕
)(
10R⊕
R?
)3(
∆r
3R⊕
)
. (S3.5)
Here we assume one clock on Earth, and the other one on GPS satellite such that ∆r ' 3R⊕ . For a clock sensitivity of
10−16, we should be able to see anomalous shift in clock transition frequency for M?/M⊕ = 10−5 and for R? = 10R⊕ .
This, too, is weaker than the constraint obtained from [5].
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